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1 Introduction 



As it is known, the curve in a D-dimensional space possesses D — 1 reparametrization 
invariants (external curvatures) ki, kn-ii which are the functions of a natural parame- 
ter s (see, e.g. |jl|). Therefore, the general reparametrization- invariant mechanical action 
in D- dimensional space can be defined as 



S = J F{ki,....,kN)ds, 0<N<D~1. (1.1) 

Such systems we will call by the models of generalized rigid particles. 

The mechanical systems depending on the first and second curvatures became rather 
intensively studied in the late eighties as toy models of rigid strings and (2+l)-dimensional 
field theories with the Chern-Simon term 0. Before long, it became clear, mainly due to 
the studies of M.Plyushchay that those systems are of independent interest. 

For instance, at D = (2 + 1), F = cq + ciki + 02^:2, cq 7^ they describe a massive 
relativistic anyon 0; at = (3 + 1), F = cq + Ciki, cq 7^ 0, a massive relativistic boson 
[^]; at D = (3 -|- 1), F = cki, a massless particle with an arbitrary (both integer and 
half-integer) helicity p. The system with F = cq + cikf corresponds to the effective 
action of relativistic kink in the field of soliton ^j. 

Recently, E.Ramos and J.Roca have found that the model with F = cki possesses 
the gauge symmetry [0. They have also shown in an implicit way that a system 

with Lagrangian F = ckN possesses + 1 gauge degrees of freedom, perhaps, forming 
iy7V+2-algebra ||. 

Which (iso) spinning particles are described by the models of generalized rigid particles? 

Which gauge W -symmetries can be inherent in these models? 
To answer on these questions, one should know the dimension and structure of phase 
spaces of the models under consideration, the generators of their gauge symmetries, and 
then quantized the models. 

First of all, this needs the Hamiltonian formulation of the models with the action 



1.1). However, the Lagrangians of that models depend on (A^ + 1)~ order derivatives. 



since the external curvatures are determined by the expressions 

r Vdet gi+i det 'gi_i / n _ • ■ 1 t 

^^^^ ^ d^i ' ^^^''^ " ^(0^0)' hJ = ^, 

where X(j) = (i*x(s)/((i5)*. Thus, one should first replace the initial Lagrangian by an 
equivalent second order one and then pass to the Hamiltonian formalism in 2D{N + 1)- 
dimensional phase space. 

In the latter transition, most authors neglect invariant properties of Lagrangians, 
which state in their dependence on external curvatures. As a result, even the construction 
of the complete set of constraints requires tiring structureless calculations. For example, 
in the refered paper |^ the complete set of constraints was constructed only for F = ck2, 
the latter being essentially nonlinear. 
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In this paper, we suggest more geometrical approach for constructing the Hamiltonian 
formahsm for the models of generalized rigid particles, which is based on the use of moving 
frame. 

The resulting system is formulated in terms of the coordinates of the initial space x, 
the components of moving frame e,, and their conjugated momenta p and Pi, i = 1, . . . , N. 
The Lagrangian multipliers in the total Hamiltonian of the system represents the external 
curvatures of trajectories. 

We demonstrate efficiency of the presented formulation, constructing the complete sets 
of constraints and Hamiltonians for models with the following Lagrangians: 

i) F = I J2f hkf + J2i=i Ciki + Co, 6162 • • • 7^ 0; This system is characterized by 
the lowest degeneracy and by absence of the secondary constraints. 

ii) F = ck]\f, \/D, N < D; The system is specified by the maximal (for a given A^) 
degeneracy and by + 1 gauge degree of freedom. All the constraints arising here are 
quadratic. Surprisingly, this model coincides with the model A^ + 1-pointing discreet 
string. 

We show that systems with the Lagrangians, linear on external curvatures possess the 
maximally possible set of (quadratic) primary constraints. When the Lagrangian contains 
the curvatures ka, a < N, the number of secondary constraints and the gauge symmetries 
of Lagrangian is decreased. To illustrate this phenomena, we present the complete sets of 
constraints for the thoroughly studied models with Lagrangians linear on first and second 
curvatures. 



Throughout the paper, we assume the signature of the initial space 1R° to be Eu- 
chdean, which should not cause misunderstanding when passing to the pseudo-Euclidean 
signature. 

We use the following groups of indices: 

i,j,k = l,...N; a,b,c,d=l,...{N-l); a, P = 1, . . . , {N - 2); 
and the notation: 

Fi = dF/dki, Fij = d'^F/dkidkj 
0o.i = pei, = PiBj - pjBi, $o.o = P^P, ^o,i = pLpi, ^i,j = PiLpj, (1.2) 

where 

N D 

L = J - ^ ei (g) ei ; Va, b : a = a^, b = a^, ab = ^ a^6^. 

i=l A=l 



2 Frenet Formulae and Legendre Transformation 

Consider the Hamiltonian formulation of the models of generalized rigid particle. 
Let us rewrite the action ( |1 . 1| ) as 

F{ki/ s, k^/ s)sdT] where s = | — |, ki = ski, (2.1 
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and introduce the moving frame {e^} for the trajectory of that system 

e^e^ = 5^1, x = sei, /i = 1, D. (2.2) 
In these terms the external curvatures are defined by the Frenet equations 

e^, = k^e^+i - A;^_ie^_i, eo = eo+i = 0, (2.3) 

so 

kf,^i = e^-ie^, kl = el~ kl_^, e^e^ = 0, if \fi - u\ > 1. (2.4) 

Note that fc^ > 0, for yU = 1, . . . , {D — 2), whereas ko-i ("torsion") can assume both 
positive and negative values. If some kf ^ 0, then fc^ 7^ 0, at /i = 1, . . . , / — 1 . Vice 
versa, if kj = 0, then k^ = 0, at ^ = I + 1, . . . , D — 1 (see, e.g. |]I|). 

With the expressions (|2.2|) , ( p.3|) , ( p.4|) at hands, we can replace the initial Lagrangian 
by the following one 

C = F{ki/ S, /cat/ s)s + p(x - Sei) + Ea Pa(ea - kaBa+l + ^a-iea-l) 

- E^,, c?*^' (e,e, - %) - [k^ - {e% - k%_,y/^) (2.5) 
where s, ki, d'^\ pa, are independent variables. 

Now we can perform the Legendre transformation for the Lagrangian ( |2.5| ). 
The variables pa represent the momenta conjugated to Sq, whereas momenta, conjugated 
to [s, kai dij), lead to the trivial constraints 

p' ^0, p"^ 0, p'^ ^ 0. (2.6) 

Setting k^ 7^ 0, Fat 7^ we find, that the momentum conjugated to Bn, is of the form 

-1/2 . 



Pn 



Fn {e% - e^- (2.7) 



So, taking into account (p.4|), we get the constraints 



XN.N = PnGn ~ 0, XN.a = PN^a ~ 0, (2.8) 

$;v.jv = P%- iPNBN-if - F% ^ - F}, ^ 0. (2.9) 
Thus, after Legendre transformation we obtain the following total Hamiltonian 

nT = n + A(^)p. + E xi'V + y: >^mP'\ (2.10) 

a ij 

where 

^ = S(j)o,i + ^ ka(f)a.a+l + >^^N.N + XI + XI -^"XA^.a + >^NXN.N, (2-11) 

A'" are the Lagrange multipliers, and 

Uij = BiBj - 6ij, (pa.a+l = 4>a.a+l " -^,a, </>0.1 = ^0.1 + X ~ (2-12) 
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Stabilization of primary constraints ( |2.6| ) produces the (secondary) first-stage constraints 

Mii~0; S0O.1 + Ea Ma.a+l ~ 0, ^ H ^ (2.13) 
S(l)a.a+l = -FNa{kN~2\F^N)\ (A:^ - 2AF;v)i^7VJV ~ 0. (2.14) 



Now, we can reduce the initial Hamiltonian system by the constraints ( |2.6| ), and consider 
the system with the symplectic structure 



N 



cun = dp A dx + '^dpi A dei (2-15) 



j=i 



and the Hamiltonian (|2.11| ), where the expressions ( |2.8| ) and ( |2.13| ) define the primary 



constraints. The equations (|2.14|) and (|2.9|) either determine variables ka^k^ as a func- 
tions of 00.1, <Pa.a+ii or define a primary constraints, at which the variables fca, k^ represent 
Lagrange multipliers. The number of primary constraints, arising in that way, is equal to 
the corank of F^-. 

Note that the functions ( |1.2[ ) form, with respect to ( |2.15| ), a closed algebra, and obey 
the equations 

The constraints u^.N^u^^a and Xnm^Xn.n are of the second-class, 

while the constraints mtv.at-i, Ua.b are of the first-class, and their stabilization does not 
generate secondary constraints; rather, they generate trivial gauge transformations. 
Consequently, all the secondary constraints are the functions of ( p..2|) . 



From this follows, that the dimension of the phase space of the system, D^ed satisfy 
unequality 

{2D -3N- 2){N + 1) < Dred < {2D -N){N + 1)- 2, 

where the upper limit corresponds to nondegenerate case, detFy ^ 0. 

Since the gauge transformations of a system are defined by the primary first-class con- 
straints we conclude, that the number of gauge degrees of freedom of the generalized 
rigid particles does not exceed corank F^^X. For instance, in a maximally nondegenerate 
case detFij ^ 0, the Lagrangian possesses only reparametrization invariance. The system 
possesses only primary constraints, and the dimension of the phase space of that system 
is D^a. = {W -N){N ^\)-2. 

Example. The simplest example of nondegenerate system is defined by the La- 
grangian 

1 ^ . 

F = - ^ hik\ + ^ dki + Co, 6i ■ 62 ■ • • • ■ 7^ 0. 

^ i i=i 

Solving the constraints ( p.9|) and ( |2.14| ), we find the expressions for curvatures, 

~ka = (0a.a+l " Ca)/&a, {bwl^N + CnY = ^N.N, (2.16) 
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and the Hamiltonian 

H = s(l)o,i + dijUij, 00.1 = 00.1 + ^ XI ~ '^0- (2-17) 

The system possesses the following complete set of (primary) constraints 

00.1 ~ 0, Uij ^ 0, XN.N ~ 0, XN.a ~ 0. 

3 Lagrangians, Linear on Curvatures 

Let consider the models with maximal set of primary constraints, i.e. when rankFij = 0. 
In this case the Lagrangians are linear functions of the external curvatures, 

N 

F = co + Y.Ciki, (3.1) 

i=l 

and can be considered as a potential candidates on the role of the systems with maximal 
gauge degrees of freedom. 

Such systems possess the following set of primary constraints 

00.1 = pei - Co ^ 0, 

0a.a+l = PaCa+l - Va+l^a - Ca ^ 0, 

^N.N = PnLpn - ~ 0, 

XN.N = PnGn ~ 0, XN.a = PNGa ~ 0, 



(3.2) 



and the Hamiltonian 



N-l N 

T-C = S0O.1 + 

a=l «,i=l 

From the equations of motion for e^v we can see that 2civA = = sk^, i.e. all the 
reparametrization invariants play the role of Lagrange multipliers. 

Performing the Legendre transformation we have required the condition k^ ^ 0. So, 
stabihzing constraints we should suppose 

ka^O,X^O. 

Let impose the gauge conditions , fixing d^^N-i and da.b, 

XN.N-1 = PNfiN^l ~ 0, Xa.a-K = PaGa-K ~ 0, K = 0, . . . , a - 1 , (3.4) 

which turns all the functions j to the quadratic form. These conditions, together with 
constraints (p.8|), satisfy equations. 



{Xi.j, ^N.n} ~ '^^N.Aj^N.N', {Xi.j, 0a.a+l} ~ Sij{5i,a - 5i.a+l)0a.a+l , 
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which lead to the following gauge fixing 

di.j = ^ij{kiCi — fcj-iQ-i — s5i jCo). (3-5) 

Stabilization of the remaining primary constraints produce the following secondary first- 
stage constraints 

00.2 ~ 0, 4>c,.a+2 ~ 0, ^N.N-l ~ 0. (3.6) 

One can easily see from the expressions for the evolution of functions ( |1.2| ), that the 
further realization of the Dirac procedure essentially depends from the values of constants 

Co, Cq, 

'^'O.O = -4A$o.Af</>O.Ar, 
0O.j = —ki~l4>0.i~l + h4>0.i+l + SA^iAT^O-AT, 
$0.i = -s6ii^o,o - A;i-l$0.i-l + ki^O.i+1 - 2A$Ar.{i0o}.Ar, 

4>i.j = -s6i[i(j)j],o - ki_i(j)i_i,j + ki(j)i+i,j - A;j_i0i.j_i + kj(f)i,j+i + 2X5N[i^j].N, 
= -s5i{i$j}.o - ki_i^,_i,j + fej^i+i.j - kj_i^j_i,i + kj^j+i,i - 2\^N.{i(pj}.N- 

Particularly, if the Lagrangian is conformal- invariant, i.e. Cq = 0, then stabi- 
lization of 00.1 ~ leads to the following set of the first-class constraints 

0o.i = pei ^ 0, %,i ^ ppi ^ 0, $0.0 ^ ^ 0, (3.7) 

which corresponds, in the pseudo-Euclidean space, to the massless case [|. 

Stabilization of the remaining constraints does not touch spatial momentum p and 
coordinates x of a system but only specifies its "intrinsic" space, parametrized by ej, pj. 

3.1 F = ckN 

Consider the special case, when the Lagrangian is proportional to only one higher curva- 
ture, F = ckjsi, or, equivalently, cq = ci = ....cn-i = 0, cn = c ^ . 

For this model, the Dirac procedure generates the maximally possible set of con- 
straints, all of which are of the first-class, 

0o.i~O, $o.i~0, $0.0-0, ^i.j^O, $i.,-c%^0. (3.8) 

So, this system possesses (A^ + 1) degrees of gauge freedom. The dimension of its 
phase space is 

D„,ir. = {2D-3N-2){N + l). (3.9) 
■^The total momentum P and the rotation generators M^^^ of the system are defined by the expressions 

N 
i=l 
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Let us impose the gauge conditions ( |3.4]) and introduce the complex coordinates 
Zj = (pi + icBi) / V 2, = c^P A (ix H — rfzj A (izj. 

Now the Hamiltonian of a system reads as 



(3.10) 



n 



2c 



Af-l 



iy2p(zi - Zi) + Z ^ /Ca(ZaZa+l - Za+lZa) + kNi^NZN - C^) 



a=l 



(3.ii: 



The constraints ( p. 81) , (p.8|) , and gauge conditions (|3.4|) , read as 

= z,z, - c% ^ 0, $+ = pz, ^0, $o = p'^0, U^ = ZiZj/2^0, (3.12) 
and form the algebra 

[/+, } = -^c {6,jU^ + 5yf/+) , {$+, f/^J = ^c6,g<l>l^/2, {$+ <|.j} = ^c%$o 
{$, f/±} = {$, = {$, $+} = 0, {$+, f/+} = {$+, $+} = {f/^, f/+} = 0, 



where <l>i = $+, f/^^. 



So, are the second-class costraints, and the remaining ones are of the first-class. 



From ( p.9|) one can see that if D < 4, the dynamics is nontrivial only at D = A, N = 1, 
and the dimension of phase space of the system coincides with that of a (3-|-l)-dimensional 
massless particle |0. In this space, it is possible to "spinorize" the constraints (|3.12|) and 
to carry out covariant quantization of the system |T0[. As it can be seen from ( |3.12| ), 
similar trick can be performed also for > 1 in (5 -|- 1)-, (7+1)- and (9 + l)-dimensional 
spaces, to resolve the part of second-class constraints. 

However, it seems most interesting, that the constructed set of constraints coincides 
with the system of + 1-pointing discreet string [ITT] , . 



3.2 N=l, 2 

We have constructed above the Hamiltonian systems for generalized rigid particles, which 
have maximal and minimal possible (for given A^ and D) dimensions of phase spaces. 

We have also mentioned, that, even in the case of Lagrangians, linear on curvatures, 
the presence of curvatures ka essentially changes the structure of secondary constraints. 
Consequently , such systems have the phase spaces of "intermediate" dimensions and less 
gauge symmetries. 

Below we illustrate this phenomena on the examples of Lagrangians, linear on curva- 
tures, in A^ = 1 and N = 2 cases. 



Let us start from A^ = 1, cq 7^ case. There is only one secondary constraint and the 
condition on the Lagrange multipliers: 

$0.1-0, s^oo + hcico ^ 0, (3.13) 
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Note, that $00 = 0, hence = Cq — CoCiki = const, i.e. the trajectory of the system 
has constant curvature. 

In pseudo-Euchdean space the last equations corresponds to the conservation of mass on 
the given trajectory. 

In complex coordinates ( p.lO| ), where c = Ci, the complete set of constraints can be 
represented by one real and two holomorphic constraints 



$ = zz - cf ^ 0, f/+ = Z72 ^0, $+ = pz - icoCi/V2 ^ 0, (3.14) 
forming the algebra 

{$,$+} = -?ci$+ + c?Co/V2, {$,f/+} = -2zcif/+, {U+,U-} = ici<^ + zcl 
{$+,$-} =^cip2, {<!>+, U-} = ici<!>- + cocyV2, {$+,[/+} = 

where = $+, = f7+. 

So, for Co 7^ 0, = 1 the dimension of phase space is equal to Dred = 2(2D — 3). 
The system possesses one gauge degree of freedom given by the Hamiltonian 

Hi.co^o = 771— 2«CiCop(z - z) + (cq - p^)(zz - Ci) . (3.15) 

At Co = (see Subsection 3.1) the dimension of system phase space equals to Dred = 
2(2D — 5) and it has two gauge degrees of freedom. 

Now let us consider the case N = 2 with arbitrary constants Cq, Ci, C2. 
When Co 7^ 0, we have two secondary second-class constraints defined by expressions 
( p.6| ). Their stabilization results in the conditions 

C2C0/C1 = fc2$0.2, SCoC2$0.2 = h ($1.1$0.2 " C2C1C0) , (3.16) 

where $1.1 = $1.1 - Cg, and $0.2 7^ 0. 

At ci = the second condition takes the form scoCi + k2^i.i = 0. 

The system possesses one gauge degree of freedom. The dimension of its phase space 
equals to D^ed = 6(-D — 2). Like to the case of A^ = 1, there is the motion constant, $o.O) 
which corresponds in the pseudo-Euclidean space, to the conservation of the mass on a 
given trajectory. 



When Co = 0, Ci 7^ 0, the secondary constraints are defined by expressions (|3.7|) and 
$1.2 ~ 0. There is the condition 

fc2C2Ci + A;i<l>i.i = 0. (3.17) 

Notice, that $11 is the motion constant $1.1 = 0, so k2/ki = const. 

This system possesses two gauge degrees of freedom. The dimension of its phase space is 

Dred = 2{3D - 10). 

At Co = ci = (see Subsection 3.1), the dimension of phase space of the system equals 
Dred = 6(-D — 4), and there are three gauge degrees of freedom. 
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4 Conclusion. 



We presented the Hamiltonian formulation for the models of generalized rigid particles, 
based on the use of the moving frame. This strongly simplify formulation of the system 
and its subsequent analyses. In particular, we found that the dimension of phase space of 
the system with the Lagrangian depending on the first external curvatures satisfy the 
inequality 

{2D -3N- 2){N + 1) < Dred < (2D - A^)(A^ + 1) - 2, 

where the upper limit is corresponds to the Lagrangian, quadratic on first curvatures, 
while the lower limit corresponds to the Lagrangian proportional to A^-th curvature. 

In the first case, the Lagrangian possess only reparametrization degree of freedom, 
while in the last case, it has (A^+ 1) gauge degrees of freedom. Moreover, in the last case, 
in appropriate gauge fixing, the complete set of constraints and gauge-fixing conditions 
become quadratic, and coincides with the N + 1-particle discreet string ill]], |]I2[, which 



was quantized recently in BRST approach both for = 1 [|T^ as well as for arbitrary A^ 
We think, that this surprising parallel deserve to be studied separately. 
In the case of Lagrangian with arbitrary linear dependence from curvatures, the set of 
primary constraints turns out to be quadratic too. However, the full set of secondary con- 
straints is essentially depending by the constants Cj, although the algorithm of construct- 
ing the secondary constraints, and the generators of gauge symmetries, is the sequence of 
algebraic operations. 
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